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Abstract. In this paper, we introduce the concept of quasi Yamabe gradi- 
ent sohtons, which generaUzes the concept of Yamabe gradient sohtons. By 
using some ideas in |7il8], we prove that re-dimensional (n > 3) complete quasi 
Yamabe gradient solitons with vanishing Weyl curvature tensor and positive 
sectional curvature must be rotationally symmetric. We also prove that any 
compact quasi Yamabe gradient solitons are of constant scalar curvature. 
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1 Introduction 

Let (M'^,g) be an re-dimensional Riemannian manifold with re > 3. If there exists a 
smooth function / on and a constant p such that 

{R- P)9ij = fij, (1-1) 

then we call (M"', g, f) a Yamabe gradient soliton. Here R denotes the scalar curvature of 
the metric g. If p = 0, p > or /) < 0, then {M'^,g, f) is called a Yamabe steady, Yamabe 
shrinker or Yamabe expander respectively. Yamabe solitons are special solutions to the 
Yamabe flow 

d 

—gij = -Rg,j. (1.2) 

For the study of the Yamabe flow in the compact case, see [HEKHllISKIHKIS] and the 
references therein. It is very important for understanding the singularity formation in the 
complete Yamabe flow to study the classification of Yamabe solitons. 

In [12] , Daskalopoulos and Sesum studied the classification of locally conformally flat 
Yamabe gradient solitons. They proved 

Theorem A.( [12j) // {M,g,f) is a complete locally conformally flat Yamabe gradi- 
ent soliton satisfying (jl.ip with positive sectional curvature, then (M, g, f) is rotationally 
symmetric. 

*The research of the first author is supported by NSFC grant(No. 11001076) and NSF of Henan 
Provincial Education department (No. 2010A110008). The research of the second author is supported by 
NSFC grant (No. 10971110). 

^The corresponding author's email: hli@math.tsinghua.edu.cn (H. Li) 
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Theorem B.( |12| ) If{M,g, f) is a compact Yamabe gradient soliton, then g is the metric 
of constant scalar curvature. 

In this paper, we consider a generahzed Yamabe gradient sohton which we call the 
quasi Yamabe gradient soliton. 

Definition 1.1. If there exists a smooth function f on M" and two constants m,p (where 
m is not zero) such that 

1 

{R - p)gij = fij - —fifj, (1-3) 
then we call {M^,g,f) a quasi Yamabe gradient soliton. 

We remark that if m — )■ oo, ()1.3p reduces to (jl.ip . so quasi Yamabe gradient solitons 
can be considered as generalized Yamabe gradient solitons in this sense. 

We study classifications for complete quasi Yamabe gradient solitons satisfying ()1.3p . 
As in [71[H], the key idea in proving our results is to link the Weyl curvature tensor 
with the covariant 3-tensor Dijk, introduced by Cao-Chen [HIT], with Dijk = Wijkifi, see 
Proposition 2.2 in Section 2, where D^jk is defined by 

Dijk = 7:{Rkjfi - Rkifj) + 7 7^{Rii9jkf - Rjigikf) 

n — 2 (n— llln — 2) j j 

R ' (1.4) 

" (n-l)(n-2)^^^^'^' " 
Our main results are as follows: 

Theorem 1.1. Let {M,g,f) be a complete quasi Yamabe gradient soliton satisfying p.3p 
with positive sectional curvature. 

(1) Ifn = 3, then {M,g,f) is rotationally symmetric; 

(2) If n = 4 and Dijk = 0, then {M,g,f) is rotationally symmetric; 

(3) If n > 5 and Wijki = 0, then {M,g,f) is rotationally symmetric. 

Theorem 1.2. If(M,g,f) is a compact quasi Yamabe gradient soliton satisfying ()1.3p . 
then g is the metric of constant scalar curvature. 

Letting m oo, we have the following result from Theorem 1.1 immediately: 

Corollary 1.1. Let {M,g,f) be a complete Yamabe gradient soliton satisfying p.ip with 
positive sectional curvature. 

(1) If n = 3, then {M,g,f) is rotationally symmetric; 

(2) If n = A and Dijk = 0, then {M,g,f) is rotationally symmetric; 

(3) If n > 5 and Wijki = 0, then {M,g,f) is rotationally symmetric. 

Remark 1.1. Daskalopoulos and Sesum in [12j proved Theorem A (see Theorem 1.3 in [12]) 
under the assumption that the metric g is locally conformally flat. Theorem A follows 
from Corollary 1.1. Theorem B follows from Theorem 1.2 when m ^ oo. 

Remark 1.2. Since the 3-tensor Dijk is related to the Weyl curvature tensor by Dijk = 
Wijkifi (see Proposition 2.2 in Section 2), we have from Proposition 2.5 in Section 2 that 
Dijk = is equivalent to Wijkifi = when n = 4. However, for n > 5, we can not 
conclude that Dijk = implies Wijkifi = 0. 

Remark 1.3. Some related results for the gradient Ricci solitons can be found in [^imflUl 
[T5Vtl7] and the references therein. 
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2 Proof of Theorem 1.1 



Throughout this paper, we will agree on the following index convention: 

^ ^ hj,k, ■ ■ ■ < n; 2 < a,b,c, - ■ ■ < n. 
For convenience, we define 

Rp = R-p. (2.1) 

Then (jl.Sp becomes 

Rp9ij = fij - —fifj- (2.2) 

For quasi Yamabe gradient solitons, we have the following lemma which will be used later: 

Lemma 2.1. Let (M'^,g,f) be a quasi Yamabe gradient soliton satisfying (jl.3p . Then we 
have 

nRp = Af--\Vf\^ (2.3) 
m 

{\Vf\% = 2Rpf, + -\Vf\^fi, (2.4) 
m 

{Rp), = -Rph - -^RijP, (2.5) 
m n — 1 

where Rij denotes the Ricci curvature of the metric g and f^ = g-'^fk- 

Proof. The relationship (j2.3|) can be obtained directly by contracting the equation 
(|2.2p . On the other hand, by choosing the local orthogonal frame {ei, • • • , e^}, we have 
by use of ([X^ . 

{\Vf\% = 2f,jfj = 2{Rpgij + ^fifj)fj = 2Rpf\ + ^|V/P/^- 

Hence, we obtain ([27 

Using the equation (|2.2p again, we obtain 

{Rp)i = fijj — —fijfj ~ ~fifjj- (2-6) 
With the help of the Ricci identity, ([231) and ([231), we deduce from (EB^ 

{Rp)i =fijj — —fijfj ~ ~fifjj 

=(A/), + R,,f, - ^(|V/P), - 1/,(A/) 

=Mp + ^|V/P). + R^Jf, - - l^f^{nRp + ^|V/p) 

=n{Rp). + R,,fj + ^i\^f\%. - ^Rpf^ - ^\^f\'fi 

=n{Rp)i + Rijfj + ^{2Rpfi + -|V/|2/*) - -Rpfi - f? fi 

2m m m m''' 

Ti — 1 

=n{Rp)i + Rijfj Rpfi, 

m 

which concludes the proof of ()2.5p . It completes the proof of Lemma 2.1. 
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For n > 3, the Weyl curvature tensor is defined by 

Wijkl =Rijkl -^^{Rikdjl — Rildjk + Rjldik - Rjkdil) 

R (2.7) 

From the definition of the Weyl curvature tensor above, it is easy to see that the Weyl 
curvature tensor satisfies all the symmetries of the curvature tensor and its traces with 
the metric are zero. It is well known that Wijki = for n = 3. For n > 4, {M'^,g) is 
locally conformally flat if and only if Wijki = 0. 

As in ^\7\, see also [3l[6l[8l|9] , we define the following 3-tensor D by 

Dijk = 7^{Rkjfi - Rkifj) + 7 TTT TwiRudjkf - RjlQikf) 



n-2' (n-l)(n-2) 

-{gkjfi - gkifj 



R (2.^ 



(n-l)(n-2) 

Then for quasi Yamabe gradient solitons, we have the following consequence: 

Proposition 2.2. Let {M",g,f) be a quasi Yamabe gradient soliton satisfying ()1.3p . 
Then the 3-tensor D is related to the Weyl curvature tensor by 

D^jk = Wijkif. (2.9) 



(2.10) 



Proof. By use of and ((23]), we have 

fkji — fkij ={Rp9kj + —fkfj)i — {Rpdki + —fkfi)j 
= {Rp)i9kj - {Rp)jgki + —{fkifj - fkjfi) 

R 

= {Rp)i9kj - {Rp)j9ki - -^{9kjfi - 9kifj) 

= - ^^^{Ru9jkf - Rjl9ikf), 
where the last equality used (|2.5p . Using the Ricci identity and (|2.7p , we have 

fkji fkij / Rlkji 

R 

=Wijklf -7 -T7 :^{9ik9jl - 9il9jk)f 

(re — l)(n — 2) 

+ ^ _ 2 ^^ik9jl — Ril9jk + Rjl9ik — RjkgiOf (2.11) 

R 

=Wijkif + 7 -T7 7^{9kjfi - gkifj) 

(re — l)(re — 2) 

{Rkjfi — Rkifj) 7^{Rii9jkf — Rjigikf)- 



n-2' —■" re-2 

Combining (fZTO]) and ([211]) . we obtain by definition (plSjl 

^ijkif^ =^^;3^(^fci/! - Rkifj) + -\){n- 2) '^^''^J^-^' ~ Rjigikf) 
R 

{gkjfi - gkifj) 



(re - l)(re-2) 
~Dijk • 



Guangyue Huang and Haizhong Li 



5 



Therefore, we complete the proof of Proposition 2.2. 

In particular, by properties of the Weyl curvature tensor and (|2.8|) . we get that Dij^ 
is skew-symmetric in their first two indices and trace-free in any two indices: 

Di,k = -Djik, g'Wi.k = g'^Dijk = 0. (2.12) 

Next, we give a proposition which links the norm of Dijj^ to the geometry of the level 
surfaces of the potential function /. 

Proposition 2.3. Let {M'^,g,f) be a quasi Yamabe gradient soliton satisfying p.3p . and 
let = {x\f{x) = c} be the level surface with respect to regular value c of f . Then for 
any local orthonormal frame {ei, 62, • • • , e„} with e\ = V//|V/| and {e2, • • • , e„} tangent 
to Ec, we have 



= _ 2)Rl + (n - l)\Rab - ^^^^9ab[}, (2.13) 



''''^ (n-l)(n-2)2' 



where gab is the induced metric on Sc. 
Proof. From (12.81). we have 



l^iJ^l"^ _ 2)2 l^l'jfi ~ Rkifj? + _ _ 2)2 \^il9jkfl - RjWikfl? 



+ (^_l)2(^_2)2l5fci/i 9kifj 



2 



2 

(n - l)"(n - 2f 
2R 



~ rwZ. ^^-^kjfi — Rkifj){Ril9jkfl — RjWikfl) (2-14) 

{Rkjfi — Rkifj){9kjfi - 9kifj) 



(n- l)(n-2)2 
2Li 

~ - l)2(n - 2)2 (-^il9jkfl - Rjigikfl){9kjfi - 9kifj)- 

Let {ei, 62, • • • , Cn} be any local orthonormal frame with ei = V//| V/| and {e2, ■ ■ ■ , e„} 
tangent to Sc. That is, under this orthonormal frame, we have /i = |V/| and /2 = /s = 
••• = /„ = 0. Thus, 

\Rkjfi - RHfj\^ = 2\Vf\WRic\^ - Ri), (2.15) 



\Rii9jkfi - Rji9ikfif = 2(n 


-l)\Vf?Rl, 


(2.16) 


ISfci/i - 5fci/iP = 2(n - 


l)|V/P, 


(2.17) 


{Rkjfi - Rkifj){Ril9jkfl — RjWikfl) - 


= 2\VfWRRii-Rl), 


(2.18) 


{Rkjfi — Rkifj){9kjfi - 9kifj) = 


2\Vf\^{R-Ru), 


(2.19) 


{Ril9jkfl - Rjl9ikfl){9kjfi - 9kifj) 


= 2{n-l)\Vf\^Ru. 


(2.20) 



6 



On a classification of the quasi Yamabe gradient solitons 



Inserting the relationships ([2J5|) - (f2:20]) into (j2H|) yields 

\D^,k\' =^^\yf\\\Ricf - Rl) + 7 i^\^f\'Rl 

[n — ly (n — l){n — 2)'^ 

+ 7 nf 9^2 1^1' + 7 TV ^|V/l'(i?i?ii - R\i) 

[n — — zj^ (n — lj(n — ly 
2 - ^n) - 7— lt^3^|V/Pi?ii 



(n-l)(n-2)2' ' („_i)(j^_2) 
2|V/|2 



-2R{R- Rii) -2RRii^ 

|(n - l)\Ric\^ - nRj, + 2i?i?ii - iJ^j 



(2.21) 



(n - l)(n - 2) 
2|V/|2 



- - l)(n - 2)2 {("^ " + + " ""^^ii + 

+ 2(-Rll + Raa)Rn — (Rll + '^RuRaa + -Raa-Rb6)| 

= (n-l)(n-2)2 |(" - 2)^1'^ + - ^T^^'^H I 

= ( 9^2 {(^ - 2)^L + (- - 1) - 

(n — l)(n — L n — 1 I J 

It completes the proof of Proposition 2.3. 

With the help of Proposition 2.3, we can obtain the following results: 

Proposition 2.4. Let {M'"',g,f) be a quasi Yamabe gradient soliton satisfying ()1.3p with 
Dijk = 0, and let Sc = {x\f{x) = c} be the level surface with respect to regular value 
c of f. Then for any local orthonormal frame {ei,e2,--- , e„} with e\ = V//[V/| and 
{^2, • • • , e„} tangent to Sc, we have 

(1) |V/p and the scalar curvature R of {M^,gij,f) are constant on Sc; 

(2) Ria = and ei = V//[V/[ is an eigenvector of Rc; 

(3) the second fundamental form h^b of Sc is of the form hat = :;^^9ab> 

(4) the mean curvature H = is constant on Tj^; 

(5) on Sc, the Ricci tensor of {M^,gij,f) either has a unique eigenvalue X, or has 
two distinct eigenvalues A and fi of multiplicity 1 and n — 1 respectively. In either case, 
ei = V//|V/| is an eigenvector of X. Moreover, both X and fi are constant on Sc. 

Proof. Under this chosen orthonormal frame, we have /i = |V/| and /2 = /s = 
■ ■ ■ = /n = 0. When Dij^ = 0, we have from Proposition 2.3 that 

Ria = (2.22) 

and 

R — -^11 

Rab = 7— gab- (2.23) 

n — 1 

Therefore, we obtain (1) from applying (j2.22p to (j2.4|) and (j2.5|) . respectively. In particular, 
(2) can be obtained from (|2.22p directly. 
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(2.26) 



By the definition of h^b, we have 

hab = (Ve, ( j^) ' ^b) = l^-^'^^ = '^f"'" ^^'^^^ 

where the last equahty comes from (|2.2p . Hence, H = habg""^ = ^"jy^j^^ is constant from 
both R and |V/| constant on Sc. Thus, (3) and (4) are proved. 
Using (|2.5|) . we have 

= -Rpfi - -^Riih = I V/l i-Rp - -^Rii) . (2.25) 
m n — 1 \m n — 1/ 

From the definition of covariant derivative, we have 

R,ia =eiea{R) -VeMR) 

=eiea(i?) - (Ve^ei,ei)i?i - (Vg^ei, e;,)i2b 
=eiea{R) 
=0 

since R is constant on Eg. Hence, we obtain from ()2.25p 

= R,la = -^^Rll,a. (2.27) 

n — 1 

Applying 

Rii,a = eaiRu) - 2i2(Ve^ei,ei) = ea(i?ii) - 2habRlb = ea(-Rii) 
to ([2:271) yields 

ea(i?ii) = 0, (2.28) 

which shows that A = Rn is constant on Sc. By means of ()2.23p we know that for distinct 
a, the eigenvalues of Raa are the same. Hence, we have the eigenvalue ^ is also constant. 
This completes the proof of Proposition 2.4. 

Proposition 2.5. Let {M''^,g,f) be a quasi Yamabe gradient soliton satisfying (jl.Sp . and 
let Sc = {x\f{x) = c} be the level surface with respect to regular value c of f . 

(1) If n = 3, then the sectional curvature of Sc with the induced metric is constant; 

(2) If n = A and Dijk = 0, then Wijki = on Sc. Moreover, the sectional curvature of 
Sc with the induced metric is constant. 

(3) If n > 5 and Wijki = 0, then the sectional curvature ofT,c with the induced metric 
is constant. 

Proof. It is well known that, for n = 3, the Weyl curvature tensor Wijki vanishes 
identically. Hence, we obtain Dijk = from Proposition 2.2. Under the chosen local 
orthonormal frame as in Proposition 2.4, we have from the Gauss equation and (|2.7p and 
l[Tm . for a^b: 

R-abab —Rabab + haahbb — h^b 

(Rp? 



--R, 



■abab 



|v/| 



-R +i? (2.29) 

--n-aa -I- ^bb 2 |V/|2 

R . , W 



8 



On a classification of the quasi Yamabe gradient solitons 



is constant. It completes the proof of (1). 

Next, we prove (2). Since Dij^ = 0, we have from Proposition 2.2 

Wijkifi = 0. 
Hence, on the level surface Sc, we have 

W,jki = 0, ioTl<i,j,k<A. (2.30) 

It remains to show that 

Wabcd = 0, for 2<a,b,c,d<A. (2.31) 

This essentially reduces to showing the Weyl curvature tensor is equal to zero in 3 dimen- 
sions (see [H], p. 276-277 or [7J, p. 13). Therefore, we have Wij^i = 0. When n > 4, the 
proof for constant sectional curvature is similar. We omit it here. It concludes the proof 
of Proposition 2.5. 

Proof of Theorem 1.1. Following the proof of Daskalopoulos and Sesum in [12j, on the 
level surface Sc = {x\f{x) = c}, we can express the metric ds'^ as 

ds^ = ^Jj^{f,e)df + gab{f,9)d9^de\ 

where 9 = {9"^, ■ ■ ■ ,0") denotes intrinsic coordinates for Sc. From (|2.29p . we know that 
Tic also has positive sectional curvature with respect to the induced metric. Moreover, 
Proposition 2.4 and Proposition 2.5 show that |v7p(/' 9) = |v7p(/) and Qabif, 9) = Qabif)- 
Let S be the set of critical points of /. Then the measure of S is zero. Hence, on \ S, 
we have 

ds^ = ^if)df + gab{f)d9-d9', 

which shows that {M^,g,f) is rotationally symmetric by using the arguments as in |12j . 
We complete the proof of Theorem 1.1. 



3 Proof of Theorem 1.2 

For any smooth function u on {M^,g), we introduce the following linear differential oper- 
ator 

f_ _j_ 

L{u) = diVm,/(Vn) := e'"div(e ^Vn). (3-1) 
Then we have the following: 

Lemma 3.1. Let {M'^,g) be a compact Riemannian manifold. Then we have 



vL{u)dfi= J uL{v)dfi, yu,veC^{M'') (3.2) 

where dfi denotes the measure e dVg. That is, the linear differential operator L is self- 
adjoint with respect to inner product under the measure d^. In particular, for any 
smooth function u, we have 

j L{u)dii = 0. (3.3) 
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Proof. A direct calculation gives 



J vL{u) djjL = — j ViUi dfi = J uL{v) d/x. 



(3.4) 

This shows that L is self-adjoint with respect to inner product under the measure d^. 
(j3.3p is a special case when v = 1 in (|3.2p . We complete the proof of Lemma 3.1. 



Now we come back to prove Theorem 1.2. From and L(/) = A/-^|V/|2 

n j Rpdfj,= J L{f)dfi = 0, 



nRp, thus we have 



M" M" 

which shows that 



J Rpdfi = 0. (3.5) 



By Lemma 2.1, we have by using the second Bianchi identity and by choosing the local 
orthogonal frame {ei, • • • , e^}, 

m m n— 1 n— 1 

which gives 



L{Rp) =A{Rp) - -{Rp)ifi 
m 



{Rp) H j|V/|i?p-— Tz{Rp)ifi rrRijf^ 

m 2(n — 1) n — 1 



(3.6) 



Applying Lemma 2.1 again, we have 



n — 1 

1 



1 


n 




1 




1 




n 




1 




1 




n 




1 



(3.7) 



1,„. „ 1 ,„„,2; 



-RpR+-iRp)ifi-—\Vf\'Rp. 
1 m ni'^ 



Inserting (|3.7p into (|3.6p . we obtain 



LiRp) =[- - ^ ^, ]{RpU. + -{Rpf - -^RpR. (3.. 

m 2 m— 1 m n—l 
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Integrating ([M]) on M", we obtain by use of ([23]), ([331) and ([33]) 
= j L{Rp)dn 

A/" 

J I m 2{n — I) m n — 1 ) 



--[- - ITT^] / d^+[-- [ {R, 

m 2[n — 1) J m n — 1 J 

M" M" 

r 1 1 .n 



j RpL{f) df,+ [-- [ {Rpf d/i 

J m n — \ J 



m 2{n — 1) 

A/" Af" 



(3.9) 



2(n - 1) 

Af" 

where we used L{f) = nRp in the last equahty. Clearly, (|3.9|) shows that Rp = 0. Hence, 
we obtain from ()2.3p 

A/--|V/|2 = 0. (3.10) 
m 

Thus we get that / must be constant since M" is compact. We complete the proof of 
Theorem 1.2. 
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